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Mathematical structure of the operators
The folds and operators for DAGK have a mathematical structure that provides a systematic way to sample topologically distinct folds and also precisely models the symmetry inherent to many homo-oligomers. The roll and swap operators (R and S respectively) form the basis set of an Abelian group G where the group operation is binary composition of operators. G has order 36 and the presentation R, S|6R = 0, 6S = 0 ,
so the canonical form of G due to the structure theorem for finitely presented Abelian groups [1, 2] is Z 6 ⊕ Z 6 . Here, Z p denotes the ring of integers modulo p, also written Z/pZ. There are 36 operators in the group, yet there are 48 distinct folds for DAGK due to the multiple possibilities for linker routes after the helices have been placed. Interestingly, R and S each generate a cyclic sub-group of order 6 (i.e., Z 6 ) which is decomposed into Z 3 ⊕ Z 2 . The order-3 torsion subgroup reflects the trimeric quaternary structure of DAGK, while the order-2 torsion subgroup reflects the two remaining positions (modulo symmetry) for the H3 helix after the H1 helix has been placed (i.e., 3 − 1 = 2). Therefore, the factorization of G into torsion subgroups of prime order is
The group action of G on F , the set of folds, is the function
where g ∈ G, f ∈ F , and g · f denotes operator g applied to fold f .
Refinement using Xplor-NIH
Xplor-NIH [3] v2.33 was used to perform the subunit and the trimeric structural refinements. We annealed subunit structures using 2000 steps of dynamics at 3000
• K followed by a cooling phase where the temperature dropped to 25
• K over 20,000 steps of additional dynamics. Then, models were minimized using 1000 steps of torsion angle minimization followed by 1000 steps of Cartesian minimization. Throughout the simulations, the models were restrained by the usual chemical potentials: bond, angl, impr, and the non-bonded atom repel potential. Also, the simulation used potentials for experimental intra-subunit restraints: NOEs, hydrogen bonds, dihedral restraints from TALOS, and RDCs. The potential used for the NOEs and the hydrogen bonds was the "hard" type NOE potential with the default averaging exponent of 6. The alignment tensor used for the RDC potential was restricted to have zero rhombicity, but its magnitude was allowed to vary. The orientation of the tensor was also fixed so its z axis aligned with the frame of the template structure, and hence the symmetry axis for the DAGK trimer. The C α atoms of the subunit template structure were used to restrain corresponding C α atoms in the models using an RMSD potential. Since these subunit structures were destined for further refinement in the trimeric state, only a single structure was calculated for each template. The single structures were found to have adequate satisfaction statistics and therefore computing large ensembles was deemed unnecessary.
For the subunit simulations, weights for the potentials were generally set to low values for the high-temp dynamics, and raised linearly during the cooling phase to final values, or simply held constant throughout the simulations. Table S1 shows the weights used for the subunit refinements. Multiplicative ramps are often preferred in Xplor-NIH refinements. However, we observed during our refinements that potential weights were rising too quickly at low temperatures to allow the dynamics simulations to find relaxed conformations. Using a ramp with a slower rate of increase at low temperatures should have solved the problem, but the linear ramp gave poor results. Further investigation revealed numerical round-off errors in the implementation of linear ramps. After implementing a numerically-stable linear ramp, cooling phases using the new linear ramps gave greatly improved results.
For trimeric refinements, we used a slightly different approach than the one used for subunit refinements. Instead of annealing an extended chain once, we refined the "seed" structures many times to compute a traditional NMR ensemble. We refined each of the 26 trimeric seed structures 64 times. From the resulting ensemble for a chosen fold, we chose the single lowest-energy structure to represent the fold. We refined trimer structures using 4000 steps of dynamics at 3000
• K followed by a cooling phase where the temperature dropped to 25 K over 40,000 steps of additional dynamics. Finally, models were minimized using 4000 steps of Cartesian minimization. The energy function was composed of the usual chemical potentials: bond, angl, impr, the non-bonded atom repel potential, and an additional RMSD potential between subunits to enforce the trimeric symmetry. The energy function also incorporated potentials for experimental restraints: NOEs, hydrogen bonds, dihedral restraints from TALOS, RDCs, disulfide bond restraints, and restraints from PRE. The potential for NOEs and hydrogen bonds was the "hard" type NOE potential with the default averaging exponent of 6. For the disulfide bond restraints and restraints from PRE, which are restraints with larger upper distances, we obtained better results by using an exponent of 12 with the "hard" type NOE potential. For the alignment tensor used in the RDC potential, the rhombicity was fixed at zero, but the magnitude and orientation were allowed to vary. Table S2 gives the weights for the potentials used during the trimeric refinement. Empirically, we found that a weight on the order of hundreds was needed for the dihedral potential to have any noticeable effect. We also found that the weight for the PRE potential needed to be initialized with a very low value to prevent the simulation from becoming trapped in the many local energy minima defined by these very ambiguous restraints.
In a final step, the lowest-energy structure from each trimeric ensemble was subjected to an additional 4000 steps of Cartesian minimization. The conditions for this minimization were the same as for the previous low-temperature minimization with one notable exception. The van der Waals potential was used (with a weight of 1) instead of the non-bonded atom repel potential to drive molecular packing. We found that for structures already in a lowenergy conformation, switching to the van der Waals potential gave even better results. The crystal structure (top, PDB: 3ZE4) and the structure of Fold M (middle) share the same fold, but have noticeable differences in helix shape and position. The curved helices in the NMR structure (bottom, PDB: 2KDC, model 1) and the Fold M structure stand in contrast to the straight helices in the crystal structure. Right: Coloring the helices with the same colors as the fold schematics (next to the structure names) shows how satisfying two disulfide bond restraints in particular (33C α -96C α and 33C α -97C α , shown using orange lines) causes the structure of Fold M to differ from the crystal structure. The depicted disulfide bond distance restraints are satisfied in the refined structure from fold M and the NMR structure, but in the crystal structure, they have violations of 7.4-7.6Å and 9.7-10.2Å respectively. 1.36 1 α → β indicates the structure switched from fold α to fold β during refinement. These statistics describe fold β in this case. The lack of an arrow means the structure remained in the same fold at the start and end of refinement.
2 The published NMR structure, PDB ID: 2KDC, model 1 after energy minimization in Xplor. 3 The published Crystal structure, PDB ID: 3ZE4 without any refinement in Xplor. 4 Not determined. Xplor energies were not determined for the crystal structure since refinement in Xplor was not performed.
5 Overall score from MolProbity [4] . Violation index values are all unitless. A value of 1 or less indicates the structure meets expectations for restraint satisfaction. Normalization constants for the violation indices are shown under each column heading. Violation indices are further described in the main text. 1 α → β indicates the structure switched from fold α to fold β during refinement. These statistics describe fold β in this case. The lack of an arrow means the structure remained in the same fold at the start and end of refinement.
2 NOEs: number of violations of at least 0.25Å, RMS violation shown inÅ. 3 Hydrogen bonds: number of violations of at least 0.25Å, RMS violation shown inÅ.
4 RDCs: RMSD units are Hz, Q-factor values are unitless.
5 Dihedrals angles: number of violations of at least 2.5
• , RMS violation shown in • . 6 Disulfide bonds: number of violations of at least 1Å, RMS violation shown inÅ.
7 PREs: number of violations of at least 1Å, RMS violation shown inÅ.
8 The published NMR structure, PDB ID: 2KDC, model 1 after energy minimization in Xplor.
9 The published Crystal structure, PDB ID: 3ZE4 without any refinement in Xplor. In general, the violation threshold for the number of violations shown here is half the violation threshold used for the violation index.
